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Plan de l'ceuvre

«I have always disliked analysis»
PJ. Freyd (Algebraic real analysis)

Aims:

+ perform integrals (=co/ends) in category theory;
+ coincidence between integration and co/ends: accidental?
+ forget about analysis and do category theory. Twofold aim:

* categorify convolution structures, distributions, Fourier
theory, power series...

+ describe constructions (like Stokes’ theorem) using
coends.

Caveat: this wants to be a “light” talk (and partly self-promotion).



Coends



Coends are universal objects associated to functors
T:CPxC—-1D
Defined as
* [cT(C,C) —=Teee T(C,C) e T(C,C")

* Uenor T(C,0") T2 Ueee T(C,C) — [CT(C,C)

* The end /. T = object of invariants for the action of T
on arrows;

» The coend [ T = orbit space for the action of T on
arrows.

fCT terminal T(X,X) T(X,X) j‘CT

initial



Examples:

* I G:C — D functors: then
Nat(F,G) /C D(FC,GC)

+ A, B two G-modules: then

g®1
A@cBzcolim|PA®B =2 A®B
gEG 1®g

+ A, B two G-modules: then

homg (A4, B) = lim (hom(A, B) 3 ] hom(4, B))
geG



Why integrals?
* They depend contra-covariantly from their domain:
* They satisfy a Fubini rule
(C.D) D rC
f T(C,D,C,D) = f f T(C,C,D,D)
c D
. f f T(C,C, D, D)

+ They provide analogues for a theory of integrations



Coend calculus

Coends abound in Mathematics:

* Yoneda lemma [, [yC(X),FX]=FC

» Kan extensions [“hom(GA,-) x FA = LangF
* Nerves and realisations LanyF' + Langy

» Weighted co/limits colim" F = [“WAe® FA

* Profunctors

+ Operads

Functional programming



Analysis



Dirac deltas

Lety:C — [C°P,Set] be the Yoneda embedding.

Every object of the form yC' is tiny, so it is a functor
concentrated on the “point” C' € C. Yoneda lemma says that

fX hom(yC(X), FX) & FC

(“C-points” of a presheaf F = elements of FC)
Or dually,

c
f YC(X)x FX =yC®c FzFC

(the Dirac ¢ functor concentrated on C ¢ C evaluates
functors on points).



Fix a manifold X.

* Let Q: N - Mod(R) the functor sending n to the set of
differential n-forms Q"(X) and

dp : Q'(X) - Q" (X)

the exterior derivative.

* Let C : N°? - Mod(R) the functor sending n to (the
vector space over) smooth maps Y — X where Y is
closed n-dimensional oriented manifold: 0: C,,.1 = C,,
is the geometric boundary.



C®Q:N°° xN - Vect

is a functor. There is a map

[:CeQ->R
¥ 5 Xy

Theorem (Stokes): The square

o®1
Cn+1 ® Qn = = Cn ® Qn

1®dl \LLL

Cn+1 ® Qn+1 R

n+l

is commutative for every n e N. [ C'® Q is a certain H°...



Distributions

Let Prof be the bicategory of profunctors:

* objects: categories
* 1-cells p:C ~ D: functors p: C°? x D — Set
« 2-cells a: P = ¢ natural transformations.

A profunctor is also called a distributor.

A Lawvere distribution is a left adjoint between two toposes;

dist. between sheaves on C, D

|
profunctorsp:C ~ D

(Dirac distributions over a topos £ are points of that topos (geometric morphisms
p: €& — Set); complies with intuition)



Let G be a group; the set of regular functions f : G - R has
a convolution operation

f*g=nywa'g(y—x)duc

Let C be a monoidal category; the category [C, Set]
becomes a monoidal category with a convolution operation
of presheaves:

XY
F*G:CHf FX xGY xC(X ®Y,C)

(what if C is closed? You recover the above formula)



Fourier theory

Fact:
Prof(C,D) = LAdj([C°, Set], [D", Set])

Let us now replace Set with a *-autonomous category V.

A profunctor K : C ~ D between monoidal categories is a
multiplicative kernel if the associated

K :[C°P, V] s [D°P,V]

is a strong monoidal adjunction wrt convolution product.



Fourier theory

The K-Fourier transform f — §x(f) : D — V, obtained as the
image of f:C — V under the left Kan extension
Lan,K : [C,V] - [D,V].

A
u(h): X~ [TK@AX) oA
The dual Fourier transform is defined as:
V . =
§(9):Y [ [K(A,X),94]

(prove the relation §Y (9) = Sk (g*)*)

Sy is the identity functor; analogue in analysis, what is the
Fourier transform of §?



Fourier theory

* 3k preserves the upper convolution of presheaves f, g,
defined as

AA’
f79= [ fAegaeC(A0 A ),

dually,

* §); preserves the lower convolution of presheaves f, g,
defined as

frg= [ (FA"@(g4) 9C(A@A',-))"



Fourier theory

Define the pairing (C,V) x (C,V) — V as the twisted form of
functor tensor product

A
(f.9)= [ sa e g4

If K is a kernel such that Lan, K is fully faithful, we have
Parseval formula:

(f,9) = (Sx(f),Sx(9)).
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When you come across a paper with page after page
of nothing but enriched categories and ccend formulas:

T,




