IT19200 — Category theory and Applications

Exercise Sheet 2 — Trimurti: Categories/Functors/Naturality
Spring Semester

Basic category theory rests on three conceptual pillars: categories, functors, and natural
transformations. The exercises below are meant to make you familiar with these notions and
their basic properties, and extend a little bit the perspective on the definition of category.

Some preliminary definitions

Definition 1.1.

1. A partial binary algebra is a pair (X, =) consisting of a class X and a partial binary
operation * on X; i.e., a binary operation defined on a subclass of X x X. (The value
of x(z,y) is denoted by = * y.)

2. If (X, «) is a partial binary algebra, then an element u of X is called a unit of (X, x)
provided that
xxu=x whenever z *u is defined,

and
u*xy =1y whenever u 7y is defined.

Definition 1.2. An object-free category is a partial binary algebra C = (M, o), where the
members of M are called morphisms, that satisfies the following conditions:

1. Matching Condition: For morphisms f, g, and h, the following conditions are equivalent:

(a) go f and ho g are defined,
(b) ho(go f) is defined, and
(¢) (hog)o fis defined.

2. Associativity Condition: If morphisms f, g, and h satisfy the matching conditions, then

ho(gof)=(hog)of.

3. Unit Ezistence Condition: For every morphism f there exist units uc and up of (M, o)
such that uc o f and f oup are defined.

4. Smallness Condition: For any pair of units (u1,uz2) of (M, o) the class
hom(uy,ug) ={f € M| fou; and ug o f are defined }

is a set.



Exercise 1:
Let Q be the following directed graph:
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Yy, Oy,
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e Determine the free category F(Q) on Q and prove that its set of morphisms determines
a regular language in the alphabet ¥ = {a,b, f, p}.

e Generalize as follows: if Q,, is the directed graph
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B

A

P
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so that the previous Q is Qj, prove that the set of morphisms of F(Q,,) determines a
regular language in the alphabet ¥ = {a,b, f,p1,...,pn}. Is this still true if n — oco?



Exercise 2:
Define the following categories associated to the functor S4: X — 1+ A x X.

e VS has objects the pairs (X, t) where t € S5 X is an element; a morphism (X,t) — (Y, v)
in VS consists of a function f : X — Y such that the function Sf sends ¢ to v:

Sfi1+4AXX 5 14+4AXY :t—w

e coAlg(S) has objects the pairs (X, £) where £ : X — S4X is a function; a morphism
(X,&) — (Y, 0) in coAlg(S) consists of a function f: X — Y such that

Sfo=0of.

Recall, or learn for the first time, that

e an initial objects in a category C is an object I such that for every other object X € C,
there exists a unique arrow I — X;

e a terminal objects in a category C is an object T such that for every other object X € C,
there exists a unique arrow X — T'.

Prove that coAlg(.S) has a terminal object; prove or disprove that V.S has an initial object.



Exercise 3:

A construct consists of a pair (C,U) where C is a category and U : C — Set is a faithful
functor. Two constructs (C,U) and (D, V') are (strongly) equivalent if there exist two functors
F, G such that the two triangles

commute, and such that F o G = idp and G o F' = id¢e. When the construct functor U
associated to a certain category is implicitly understood (for example, when C, D are categories
of algebraic structures) we say that D, D are concretely equivalent.

Are the following pairs concretely equivalent?

e C = Cat is the category of categories and functors, defined in the usual way, while U
sends a category to its set of arrows; D is the category of object-free categories, defined
above, and V sends (M, o) to the set M.

e the category Kop of Kuratowski spaces, defined via an interior operator, and the cate-
gory Top of topological spaces defined via a family of closed subsets:

— a topological space consists of a pair (X, 7) where 7 C 2X is a collection of subsets
of X, such that
1. 9, X eT;
2. if I is a set and A, : I — 7 an [-indexed family of elements A; € 7, then
U, 4i € T;
3. if A1,As € 7, then Ay N Ay € 7.
An element of 7 is called an open subset; an element of the form X \ A for A € 7
is called a closed subset.

— A Kuratowski space consists of a set X equipped with a monotone function
j:2% —2¥

called the interior operator of X, satisfying the following properties:
1. 1 X = X;
2. for all S € 2%, j(S) C S;
3. for all S € 2%, j(5(S)) = 4(9);
4. for all S,T € 2%, 5(S)Nj(T) Cj(SNT).

Both U and V send a topological or Kuratowski space to its underlying set.



