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As someone said, “Mathematical Analysis is a huge variation on the single theme of
continuity”. In the same vein, there’s no other problem in Homotopy Theory than the com-
putation of homotopy groups of spheres. In his paper [Serre], inspired by the work of Leray
[Leray], Serre built a spectral sequence which expresses the homology of the total space in a
fibration in terms of the homology of the base, taking values in the homology of the fiber, and
exploited it to produce the first nontrivial computation of the homotopy group of a sphere:

π4(S3) � Z/2 π5(S3) � Z/2.

Several highly nontrivial computations stemmed from this initial spark of genius:

• the (co)homology ring of classifying spaces;

• the (co)homology of classical Lie groups;

• the (co)homology of Grassmannian manifolds;

• a derivation of characteristic classes of a bundle. . .

He who wants to master the witchcraft of topological machineries must start grounded on
earth, starting from examples and explicit computations, and then elevating himself layer
after layer.

The poor in spirit could one day realize that everything computable in Algebraic Topol-
ogy, is computable via a spectral sequence:

• homotopy groups of spectra/sphere spectrum [Adams];

• generalized cohomology theories [Atiyah-Hirzebruch];

• homotopy (co)limits of functors [Bousfield-Kan], [Thomason];

• Group cohomology [Lyndon-Hochschild-Serre];

• Lie algebra cohomology [Van Est]. . .

References
[Serre] Serre, J. P., Homologie singulière des espaces fibrés, Ann. of Math. 54 (1951), 425-505.

[Leray] Leray, Jean (1946), L’anneau d’homologie d’une représentation, Les Comptes rendus de l’Académie des sciences 222: 1366-1368.

[Adams] John Adams, On the structure and applications of the Steenrod algebra, Comm. Math. Helv. 32 (1958), 180-214.

[Atiyah-Hirzebruch] Atiyah, Michael Francis; Hirzebruch, Friedrich (1961), Vector bundles and homogeneous spaces, Proc. Sympos. Pure Math., Vol.
III, Providence, R.I.: American Mathematical Society, pp. 7-38.

[Bousfield-Kan] Bousfield, Aldridge Knight, and Daniel Marinus Kan. Homotopy limits, completions and localizations. Vol. 304. Springer, 1987.

[Lyndon-Hochschild-Serre] Hochschild, G.; Serre, Jean-Pierre (1953), Cohomology of group extensions, Transactions of the American Mathematical
Society (American Mathematical Society) 74 (1): 110-134.

[Thomason] Thomason, Robert W. First quadrant spectral sequences in algebraic K-theory via homotopy colimits. Communications in Algebra 10.15
(1982): 1589-1668.


